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DOMAIN PERTURBATIONS
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ABSTRACT

Let X be a real Banach space and let A :D(A)C X— X be the (linear)
infinitesimal generator of the semigroup S(t) of class C, (of type w). Assume
that the function (¢, x)— F(t, x) is continuous, the domain D(t) = D(F(t,-)) is
such that t — D(t) is closed and for each t € (a, b), the operator x = F(t,x) is
dissipative. One proves that the subtangential condition (AS) is necessary and
sufficient for the existence of the mild solution to the equation u'=
Au + F(t,u). All previous results of this type are included here. An elementary
method for proving the uniqueness is pointed out and applications to PDE are
given.

1. Introduction. Statement of the main results

Let X be a real Banach space of norm |- ||. Recall that a family S ={S(¢);¢ =

0} of bounded linear operators S(¢): X — X is said to be a semigroup of class C,
if

(1.1 S(0)=1I (the identity), S(t+s)=S()S(s), t,s=0,
(1.2) Li{r% S(h)x = x, Ve X

S is said to be of type w € R if
(1.3) "S(t)"l,(x)é exp(a)t), 0=t <o,

A:D(A)C X— X is said to be the infinitesimal generator of § if

Ax = 1;.'% (S(h)x —x)/h, Vx €D(A).
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Let us consider the initial value problem
1.4) u'=Au+F(tx), u(t)=x€E€D(t), tE[t,b),

where t,E(a,b), —©v=a<b=w», D(t)=D(F(t,-))C X

If J, is a subinterval of [t, b) with £, € J,, then u is said to be a mild solution to
(1.4) on J,, if u(t)C D(¢) for all ¢t € J,, u is continuous on J, and satisfies the
integral equation

(1.5 u(t)= St —to)x +f S(t — s)F(s, u(s))ds, te ..

If y € X and D C X then d(y; D) stands for the distance from y to D. Recall
that

(1.6) ld(y; D)-d(z;D)|=lly -z, yz€X

For the convenience of future reference we record the following conditions:

(A1) A :D(A)C X— X is the infinitesimal generator of the linear semi-
group S of class Co and of type w € R.

(A2) For each t,€ (a,b) and x € D(t,), there exist r >0 and T € (t, b) such
that D(t)N B(x,r) is nonempty for all ¢t E[t, T] and t > D(t)N B(x,r) is
closed on [t, T). (B(x,r)={y € X;|ly —x||=r})

(A3) (t,x)— F(t,x) is continuous at each (¢, x) with t E(a,b), x € D(¢).
(A4) For each t € (a, b) the operator x — F(t,x) is g(t)-dissipative, i.e.
(1= Ag@)llx: — x| = | x1 =~ x2 = A (F(t, x:) — F(t, x2))|

for all x,,x,€ D(t) and A >0, with g :(a,b)— [0, + =) a nondecreasing func-
tion.

(AS) ]ix;‘alionfh‘ld(S(h)x +hF(t,x); D(t+h))=0, VtE(ab), x€ED()
RemMARrk 1.1. The mapping ¢t — D(t) is said to be closed on (a,b) if the

conditions: x. € D(t.), t. €(a,b), t.—t E(a,b) and x, = x, imply x € D(t).
Actually we are using only ¢, 1 ¢. [ ]

In view of (1.6) it is easy to check that (AS) is equivalent to
t+h
(ASY lir'plionf h'd (S(h)x +f S(t+h—s)F@t,x)ds; D(t+ h)) =0

for all t €(a,b) and x € D(T).
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We shall prove that (A1)-(AS) guarantee the local existence (and uniqueness) of
the solution to (1.5). For the global existence additional hypotheses are needed,
namely:

(B1) The mapping ¢t — D(t) from (a, b) to 2* is closed.

(B2) For each s €(a,b) and for each connected component C(s) of D(s),
there exists a continuous function w :[s,b]— X, such that w(s)&€ C(s) and
w(t)E D(t) for all t €[s, b] (for some b € (a, b]).

REMARK 1.2. Obviously, (B1) implies the latter assertion in (A2). It is well
known that (A4) is equivalent to

(1.7) (F(t,x)) = F(t, x2), X, — x2)i = g ()| x1 — x2f
forallx, € D(t),i =1,2,t €(a,b) where (y,x); = inf{x*(y); x* € J(x)} and J is
the duality mapping of X (see e.g. [13}], [15]).

Clearly, in the case D(t) = D, independent of t, (A5) becomes

(A5y"  lim inf h7'd(S(h)x + hF(t,x); D)=0, VtE(a,b), x ED.

Moreover, if x € D N D(A), then (AS)" implies

(AS)" lim inf h7'd(x + h(Ax + F(t,x)); D) =0.
Note that if x is an interior point of D then (AS)" is satisfied. |

In the theory of mild solutions to (1.4) the following conditions were used ([8],
pp- 350-353):

(A6) St):D—D, liminf h™'d(x +hF(4,x); D) =0,

tE€(a,b), x€D.
It is easy to see that (A5)" is strictly more general than (A6). To prove this fact
we first note that (A6) is equivalent to:
(A6) Foreacht € (a,b)and x € D there exist h, J 0and x, € D such that
h'lx +hF(t,x)-x.|>0 asn—>»,  S(t):D—->D.

Set r, = (x. —x — h.F(t,x))/h.. Then r, > 0.as n — and S(h.)x, € D. We now
have
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h.'d(S(h.)x + hF(t,x); D)= h;'|S(h.)x + hF(t, x) — S(h,)x. |
=|F(t,x)—S(h)F(t,x)—S(h)r.| >0, asn-—o

and therefore (A6) implies (A5)". The following simple example shows that the
converse implication is not true,
Take X =R, D =[1,%), y=1 and S(¢t)=e¢". Then we have

lim h™'d(e™x+hy;D)=0 forallx =1.

This since e ™™ +hy =1 for all sufficiently small h >0. However (A6) is not
verified, since ¢ ' does not map [1, + ) into itself.
We now are able to state our main results:

THEOREM 1.1.  Suppose that (A1)-(A4) are fulfilled. Then (AS) is a necessary
and sufficient condition in order that for each t, € (a, b) and x € D(t,) there exists
a local (unique) solution u to (1.5), on a subinterval [t,, T|C [to,b), with
T = T(to, x). [ ]

In connection with the extendability of the local solution, the result is given by

THEOREM 1.2. In addition to (A1)-(AS) suppose that (B1) and (B2) are also
fulfilled (for a number b € (a, b]). Then (1.5) has a unique solution on the entire
[to, B), i.e. J, =[to, B). [ |

An immediate consequence of Theorem 1.2 is given by

CoroLLARY 1.1.  Suppose that (A1) holds. Let D be a closed subset of X and
let F : (a, b) X D — X be a continuous function which satisfies (A4) with D(t)= D
forallt € (a,b). Then for each t, € (a, b) and x € D, there exists a unique solution
u:fte,b)— D to (1.5) if and only if (A5)' holds.

Note that the conclusions of the above results were known only under one of
the additional conditions below:

(1) F maps bounded subsets into bounded subsets and S$(¢): D — D (Martin
[8], p. 353).

(2) S(t):D—>D and F(t,x)= F(x) — independent of ¢ ([8], p. 355).

(3) D =X and F(t,x)= F(x) (Webb [19], [11]).

(4) A =0, ie. S(t)=1I (Kenmochi and Takahashi [4], [5], [17]).

(5) A =0and D =X (9], [10], [11]).

We have to point out that Pazy [18] assumes the compactness of-S(t) for ¢ >0,
instead of (A4). His result was extended in many directions (see e.g. [12], [15]).
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2. Proof of the main results

For the proof of Theorems 1.1 and 1.2 we combine some techniques from [2],
[4], (5], (8], [12], and [19]. For proving the uniqueness a new technique is given.
The proof of these theorems is quite difficult, so we break it into several parts as
follows:

PROPOSITION 2.1.  Suppose that (A1)-(A3) and (AS5) are fulfilled. Let t,€
(a,b), x ED(t), TE(to,b), r>0 and M >0 be such that |F(t,y)ll=M,
Vi€, T], y E B(x,r)N D(t),

0=s=T,

sup [S(s)x ~x||+ T{(M +1)N=r, where To=T~—1t, N =exp(wT).
Then for each positive integer n there exist {t}i~o in [t, T] and a n"-approximate
solution u, on [to, T] in the following sense:

to=to, ti<tin ift;<T and ti.=t; ifti=T,
2.1) di=tn-0=1n,  limt’=T,
22) w(t)=x,  xi=u.()EDE)NB(x 1),
WF@t, y)~F(t7, x| = Un, for all t €[t7, 7], y € D(r) with

23) ly —xil= sup [IS(s)x?~xil+diM + DN,

un)= S = tiyer+ [ 8= )G xtyds + (¢~ 11yt

¢ for t €[t7 17..], with ||pi|=1/n.

ProorF. The construction of ¢{ and u, is by induction on i. Since in this proof
there is no danger of confusion we omit n as a superscript for &, x; and d;. Set
15 = to and x5 = x. Assume that u, is defined on [#, t:], & < T and (2.2)-(2.4) are
fulfilled on [t #;]. Let us show the construction of #., and u, on (¢, t...]. To this
aim define &(x;) as the supremum of all h with the properties:

2.5) O<h=1ln t+h=T,
6)  sup [S(s)z—z[=1/n,  Vz€E{x,F(t,x),j=0,1,--,i},
0=s=h

2.7 |F@ty)-F@t,x)|=1/n, Vi€[t,t.+h], yED(®)

with ||y — x| < sup | S(s)x ~xfl+h(M + DN,
0=ssh



108 N. H. PAVEL Ist. J. Math.

2.8) d(S(h)xi + fh S(t +h — $)F(t, x); D(t + h)) = h/2n.

Then there exists h = d} € (27'8(x:), 8(x;)) satisfying (2.5)-(2.8). Set ti; =t + d..
For h =d,, (2.8) yields

2.9) d(S(d,-)x,« + f " S(t— $)F(, % )ds;D(t,»H)) <d./2n
which shows that there is x;.; € D(t.1) of the form
Q10) X =St — )% + j " St — $)F (8, x)ds + (f01 — £)p:

with ||p.||=1/n. Define u, on [, #.1] as indicated by (2.4). Introducing the
functions a, (s) =t on[t,4.,),j =0,1,- - -, i, a. (T) = T, one easily checks that u,
can be written in the form

211)  u(t)=S(t—to)x + f ‘ S(t = 5)F(ax (s), un(an (s)))ds + g.(2)

where
i—1
@UY &M= (ha=H)SU—fu)p +(—t)p, €[t 1)

hence | g. ()| = N(t — to)/n for all t € [to, t11].
In view of the induction hypothesis and of the choice of T, for ¢t €[t ti.1] we
have

lua(8)— x| SIS —te)x —x ||+ —t)MN + N(t —to)in = r.

Set ¢t =lim,...t. Clearly ¢ = T. By standard arguments (see [12]) [15], [19] one
shows that lim,_...x; =% exists, so ¥ € D(#) N B(x, r) (on the basis of (A2)). We
have to-prove that t = T. The proof is by contradiction. Hence let ¢ < T. Choose
¢ €(0,1/n) such that t+c<T and

|E(t,£)— F(t, y)|| = 1/4n,

(2.12) } -
yED@®), |ly-%[£2c+2c(M+1N, [t—t|=3c.

Let us consider the compact K given by
K ={xi’F(ti9xi),x_’F(;,f)’i = 1’ ° }

There exists h € (0, c) with the properties
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(2.13) sup [|S(s)z ~z||S¢, VzEK,
0=s=2h

(2.14) d(S(ﬁ)i +J_MS(?+ h~ s)F(t‘,f)ds;D(f+ﬁ)) = h/4n.

Seth, =t +h —t.Hence b, >h and h; | h as i > . Let i; be a positive integer
with the property that

h,’<2ﬁ, t-“’t.’<ﬁ, ”x.'_f"é.ﬁ, B(Xi)<h_<hi, Yi =i

Note that 8(x;)<2d; = 2(t;.1— t:)—0 as i = . In view of (2.12) and (2.13) it is
easy to verify that (2.6) and (2.7) hold with h; in place of h. Since h; > 8(x;) for
i = iy, it follows that for h = h;, (2.8) is not true, i.e.

d (S(h.-)x,- + f'i*hi St +h —s)F(ti,x.)ds; D(t, + hi)) > h[2n

2.1
@15) for all i = i,.

Letting i = in (2.15) one obtains an inequality which contradicts (2.14) (one
observes also that t; + h; = ¢ + k). On the basis of (2.4), lim, ; ru, (t) = lim,_.. x; =
%, so defining u,(T)= X, completes the proof.

REMARK 2.1. For y = x4, (2.3) yields
(2.16) WF (5, x i) = F(, x DI = Un, i=0,1,---.

PROPOSITION 2.2. In addition to the hypotheses of Proposition 2.1 suppose that
lim,, .. U, () = u(t) exists uniformly on [t,, T]. Then u is a solution to (1.5) on
[, T

PrROOF. Let t €[to, T). Then for each n there exists i =i, () =i, such that
t €[t i), hence |a, (1)~ t| =]t — | = 1/n. It follows that u,(a.(1))— u(t) as
n — o uniformly on [y, T]. On the other hand, u, (a.(¢))=x. € D(t;) N B(x,r)
and t.—t x. —>u(t) as n -, On the basis of (A2) we have u(t)ED()N
B(x, r). Finally, letting n — % in (2.11), the result follows. ]

For the proof of Theorem 2.1 some other results are needed. Let m and n be
positive integers and let U = {t] ¢];i,j = 0,1, - -}. Denote by {r.};-o the mini-
mal refinement of the partitions {¢} and {t"} of [t, T], i.e.

ro=to, rL.=min{t€U;t>r}, e=0,1,--

PROPOSITION 2.3. Assume that the hypotheses of Proposition 2.1 hold. Then
there exist the functions v, and v,, from [t,, T into X with the following properties :
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For each positive integer e, there exists a partition {s}i-o of [r., r...] such that

So="re, Skr1 =S8k If Sk =lst, 0<Skni— S =h =1 —r. =min{l/n,1/m},
2.17)

}(im Sk =T

where e as a superscript for s, is omitted. Furthermore

v (l)=x, vi=vi.=0,(5x)ED(sc)NB(x,r),
(2.18)
lfim v (8)=0v,(r.n—)ED(r..)NBx,r), p=mn; e=01,---
If for the integers i and j we have the situation
t:‘, t]m§ Ie < rc+1 é t?+1, t;"-‘rl,

then:

D) vu(r)=u.(r.) ifr. =17, and v.(r.)=v.(r. =) if . = 1],
2.19) {

Q) va(r)=tm(r.) ifr. =t7, and V. (r.) =V (r. =) if 1. = ¢},

Moreover, for all t €[r.,r..1] we have

(220) loa(®)—u (=3t —t)N/n, [|m(t) = unm ()| =3(t —t])N/m.
Furthermore

221) o ()= 0, (¢ =) =32 —t)N/p, p=nm; i=0,1,---,

IE(ty)~ F(se, )| =1/p, tE[sc, 8],  Vy ED(t)
2.22)
with |y —vil|= sup [[SG)vi—vi|+m(M+1N, p=mn,
O=ss=h;

sup [S(s)z — Z||= min{l/n, 1/m},
Oss=hy

2.23
2.23) Vz €{v},F(s,,v%),q=0,1,--+; p =m,n},

””(‘)=S(“sk)vfi+f S(t = s)F(s., vB)ds +(t — s.)g&*

2.24
(224) with |q%[|S1/p, r=ssi=t<scu=r., p=mn

(so v, is continuous on [r.,r..,)). If in addition to the above hypotheses we suppose
that (Ad) is also fulfilled, then the following estimate holds:
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lon (re =) = om (re )]

2.25) =6NTy(m ™'+ n )exp(g(T)To+ wTy), € =0,1,-.

PrOOF. Let e be a positive integer. Assume that v,, and v, are constructed
on [t,, r.] with the above properties on [t r.]. We now show the construction of
Um and v, on [r., ...

Set so=r. and define vg=v.(s0) and vg = v.(so) as indicated by (2.19).
Suppose that v, and v,, are defined on [s,, sc] by (2.24) with k — 1 in place of k.
Define v, and v, on [sk, si+1] as follows: if s = 1.4, set sg+1 = .4y and if s, < 1.4y
set Sk+1 = S + h, where h, is defined below:

Let 8, be the supremum of all h with the properties

O<h=min{m™",n7"}, sc+h=r., sup|S(s)z—z|=min{m,n""}
0ss=h

(2.26) Yz €{v?, F(s;,v%),j=0,1,---,k; p =m,n},

@27)  yF(t,y)~F(s,0)|=1p, Vt€E[s,s+h], VyED()

with

ly — 02l = sup |S(s)vi—vi]|+h(M+1)N, p=mn
0=s=h

s, +.

(2.28) d(S(h)vz+ f '

Sk

h
S(sk + h = $)F (s, v8)ds; D(s, + h)) <h/2p, p=mn.

We now choose i € (278, 8] satisfying (2.26)-(2.28) with h, in place of h.
Substituting h = h, into (2.28) we conclude that there exists vi.; € D(sy + h) =
D (sk.+1) such that

(229) V%41 = S(Skn— sk )vE+ f - S(skr1 = 8)F(se, v5)ds + (1= S )q%°

Sk

with [|q%°|| = 1/p. For simplicity set gi*=q%, p=m,n.
We now define v, on [s, sc+1) as indicated by (2.24). Similarly to u, given by
(2.11), one checks that v, can be written under the form

(2.30) v, (1) = S(t —so)vb+ f S(t —s)F(b(s), v, (b(s)))ds + qi(t)
for so=1t < $x+1, where b(s)=s; on [s;,541), j =0,1,-- -,k and

k=1
@31 qUO= 2 (5= 9)SE—se)gf + =)k ¢ E s,
2
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hence [|q2(1)[| = N(t — so)/p, p = m, n.
Suppose that the situation in (2.19) is the following one:
(2.32) <ty =r<rag=tia<ti.
Then by the convention (2.19)
(233) so=so=r.=t], vo=v.({)=0.(t]=), vo=v.(t])=x]"

Accordingly, for p = m, n, (2.30) becomes respectively
Q3 oa()=SC=1DxP+ [ SE=5IF((s), va (bls))ds +47()
with

laZ@®l= N —t7)m,  t €[], se),
(2.35) 0, (1) = S(t — 17 (:7—)+£; S(t - $)F(b(s), v (b(s)))ds + (1)
with

lgzI=NE~tin,  tE[L], scn).
On the other hand, by (2.11) (with m in place of n) we have
i
(2.36) u.(t)=x7"=S\]—to)x +J S(t]" = $)F(am(s); Um (am (s)))ds + gn (t])
with
lgm (¢ = Nt~ to)/ m.
Substituting x;" into (2.34) one obtains
U (8)=S(t —to)x +f i St — $)F(an (8), tnm (am (s)))ds

(2.37) .
+ [ SG=5)Fb(5),va(b(s s + S(t = 17)gn 17)+ 700

Ui
with

ISt —t7)gm (¢ + g7 = Nt —to)/m, t E[t]", se01) (see (2.11)).

By the induction hypothesis, v..(b(s)) € D(b(s))N B(x,r) for s €[so, sx+1),
hence || F(b(s), vm (b(s)))| =M on [so, Sc+1). Thus (2.37) yields

lon@®)=xZ[SE—t)x — x|+ —t)(M+ DN =1, 1 E[to, ses1).
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Similarly one shows that ||v, (£) — x || = r on [#y, sc+1). Arguing as for the proof of:
limit; =T (see (2.12)-(2.15)) one proves that s T r.., as k — . The details
are left to the reader (it can be found in the book [15], ch. 5). Moreover one
shows that limy_. v, (sc)=x, exists, and in view of v, (s) € D(sc) N B(x,r) it
follows that x, € D(r...) N B(x,r), p = m,n.

Finally, on the basis of (2.24) (where v = v,(sc)) we have

o, (1) = Rl =S (¢ = s)— Dok + = s )M+ DN, £ € [se, 8c),
which implies
Vp(resi—)= ‘lTiEn v, (t)= {112 vi=x, € D(r..)N B(x,r).
Consequently, it remains to prove (2.20), (2.21) and (2.25).
In the situation (2.32), v.. is given by (2.34) on [r., r...), while u,, has the form
(2.24) with m in place of n, i.e.
un ()= S =77+ [ S =) x72ds + = 17pr,
4

(2.38 o i
) te[tf ], pfl = 1m.

Therefore we have

lon ()= tn I [ NIF(b(5), 0 (b))~ Fa7s xlds +2 = 17N

(2.39) LE[t], 1) (see (2.32)).

In view of (2.34),
lon (BN~ x7I= sup [S()x]~x7I+d/M+DN, s €], 11)

where d]' = t]i,—t]". By the definition of d; = d[", (2.7) yields
(2.40) IF®(s), vm (b))~ F(t, xS 1Um, s €[t],11)

and thus ||om () — u. (¢)|| = 3(t — t])N/n, on [, t741].
In the situation (2.32) the following two possibilities may occur:
(1°) either ¢ <t%, (so r._, =t}1), or
2°) 1L <tl.
In the case (1°), (2.30) gives

(241) 0 (1) =S —t7)x]a+ | S(E—5)F(b(s), vm (b(s)))ds +q7(t)

ti1
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for t €[], t]"), where ||q7.()|| = (¢ — t]*)N/m, hence

(242) vn (1] =)= ST =17 )x]" + j S} = $)E(B(s), vm (b(s))ds + g2 (¢])

with ||go (¢ = (¢ — t[~)N/m. Inasmuch as

Om (8) = U (£7)
(2.43)

m

| SUT=$)F( i, x)ds + (] — ] )pit,

= S(t;"—t;'i.)x}"_.+f
lpisll=1/m

and arguing as for (2.40) (with j —1 and e in place of j and e + 1, respectively),
(2.42) and (2.43) yield

(244) lom (6] =) = va ()| = 327" = " )N/ m.
We now prove that (2.44) holds in the case (2°) too. Let us observe that in this

case (i.e. 2, <t] and (2.32)), r.., =t{. However, we do not necessarily have
r._. =1ty since the following situation may occur:

(3°) L <tii =t k=0,1,---,q.

The calculus below allows us to see that we may consider only q =0, i.e.

(245) ti st <t? Sor =t =, =t e = <),

Clearly, (2.30) holds for all ¢t €[r.,r...). In the case of the intervals [r. |, 7.) and
[r._2,1.21), (2.30) yields respectively

(2:46) 0 1] =) = SUF = e @)+ [ | SUT = IF(b(s). 0a (B(sIs + 4714

with [[g ()| = (¢ = 17y m,

v (7T —=)=SUi =t Do (1) + f: St —=s)F(b(s), vn (b(s))ds + qx(t?).
(2.47) -

g (eI = (2 = ¢]2)N/m.

On the other hand, v, (t/)=v.(t7—) and v.(f]2)=xj%, so substituting
v (t7 =) into (2.46) one obtains
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v (8] =)= S(t}"—t,-”-l)x}"—ﬁrﬁf S(t7" = 5)F(b(s), vm (b(s)))ds
(2.48) + St —th)g et
+[7 5= )F(b6), on b s + 227
Let us write the formula (2.43) under the form

U () =S —t7)x2 + fm S —s)F(t/, x2)ds

(2.49) .

+f~ S(T = $)F (T, xT)ds + (7 — t1)p T,
L

Finally, (2.40), (2.48) and (2.49) show that (2.44) holds and in thexcase (2°)
above a quick check of the proof shows that the general case (3°) can be treated
in the same manner. We now suppose that (A4) holds and prove the crucial
estimate (2.55). Since v%.i = v, (Sk+1) € D(sx+1), p = m, n (by (2.18)), then (A4)
implies (for A = hx = i1 — S and t = s¢41)

(1 - g(sk+1)hk)|| Um (Sk+1) — Un (Sk+1)”
= | Um (Sk1) = On (Skc1) = Bk (F(Sks15 Om (Sk41)) = F(Sk1, 0a (Ses)))}-

Combining (1.3), (2.29), (2.50) and the elementary inequality

(2.50)

(2.50y (1-t)"=exp2t, t€[0,3]
we get

m n m n e m m hk hk
”vkﬂ—v"“"§ "v"—vk“+ "S(sk+1_s)Fk_Fk+1"dS +;+;{
s

@.51)
+I | S (skes — $)Fi— Fia| ds] exp(2g(T) + w )

'k

where Fi= F(sc,vf), p=m,n, and g(T)h <i.
On the basis of (2.23), (2.26), (2.27) and (2.29) it follows that

(252) ||Fiu—Fil=1/p, |S(skri—s)Fi—Fi|=1/p, s € [s,Sen)
and therefore (2.51) implies
(2.53) fora—viall=[lor— vill+3(m ™+ n Y ]exp(2g(T) + w .

Substituting ke = s+ — Sk into (2.53) and iterating, we get
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l9m (sics1) = vn (s )| = [ m (50) = n (0) [ +3(m ™" + 17 ) (51041 = 50)]

(2.54) X exp(28(T) + @) (Se+1 — So).

Letting k —>® (i.e. sk+1 T re+1), (2.54) yields (e =0,1,---)
0m (ress =) = O (Fet = )| = [l 0m (7) = 0 (r )| + 3(m ™" + 7Y (s = 7 )]
@5 X exp(2g(T) + w)(res 1)
Let us observe that
[[0m (re) = va () = N 0m (e =) = 00 (e =) |+ |0 (7e =) = 0 ()|
(2.0 +Hlenl =)= va .
Taking into account (2.21)

(2.57) ;.Sa lv,(r)— v, (re =)|=3NTo/lp, p=m,n.

Substituting (2.56) and (2.57) into (2.55) and then iterating (2.55) for e =

0,1,---,e =1, with v.(ro—) = v.(ro—) = x (since t, = r,) one obtains (2.25).
PrOOF OF THEOREM 1.1.  Necessity. Let t, € (a,b) and x € D(t,). If (1.5) has a

solution u = u(t; to, x), then

toth
u(to+h)=S(h)x +j S(to+h —s)F(s,u(s))ds €ED(to+h)
o
for all sufficiently small h > 0. Consequently,

lim k™' d(S(h)x + hF(ts, x); D(to+ h))

<lim h ™| S(h)x + hF(to, x) ~ u(to+ )|
(2.58)

F(to,x) =+ f h S(to+ h — )F(s, u(s))ds

lim

hlO
=0

s0 (AS) follows even with “lim” in place of “lim inf”

Sufficiency. The conditions (A1)-(A3) and (A5) imply the existence of u., v,
satisfying (2.1)-(2.4), (2.17)~(2.24). We now prove that the dissipativity condition
(A4) (which yields (2.25)) ensures both the existence (i.e. the convergence of u,)
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and the uniqueness of the solution to (1.5). For proving the convergence of u, let
t be arbitrarily chosen in [, T]. Then for each pair (m, n) of positive integers,
there are { =i(t,n) and j = j(t, m) such that

te[ti Nt tia]=[r,ra},  with e =e(t, m, n).
Let k = k(t,m,n) be such that s =t <s.,.. Then by (2.20),
(259  |u ()= v (OI=3(t = tYN/n Z3N/R?, |t (1) = vm ()| S 3N/m?.
On the other hand (2.24) gives

105 (8) = v, (s )| = NI S (5601 — )0k — 0]
+ Nf | S(ske1 + )F (s, 05%) — F(si, v%)| ds

(2.60) + +| (s — g%

| J 8 (S1 = $)F sk, v)ds

=EN/p+N(@t—s)/p+N(ska—t)p+ NM(sp—1t)
=2MN(1l/p+1/p®), p=mn

where (2.52) was also used. Substituting (2.25) and (2.57) into (2.56) we get

2.61)  |om(r.)— 0. (r)| = 9CTo(m ™" + n exp(2g(T)+ w)T, with C =2MN.

Going back to (2.54) (in which s, =r.) we conclude that
(2.62)  ||vm (Sks1) = On (561)| S 12CTo(m ™' + n Nexp(4g(T) + 2w) To.
Finally, a simple combination of (2.60) and (2.62) yields
lom ()= v (D= C(m ™'+ n )2+ 12To)exp(dg(T) +2w) To

which shows that v, (t) is uniformly Cauchy on [t, T]. By (2.59) it follows that
u, (t) is also uniformly Cauchy on [f,, T]. Set u(t) = lim,—. u. (¢). According to
Proposition 2.2 u is a solution to (1.5).

The uniqueness. In general a mild solution may not be differentiable (see €.g.
[8], p. 345). Consequently, for the proof of the uniqueness we cannot use the
standard method involving a lemma of Kato ({4], [5], [8, p- 232], [13, pp. 148,
150]). In what follows we give a simple technique, which is independent of both
differential inequalities and of integral solutions.

Let u, and u, be solutions to (1.5) on [t, T], with u:(t)) =x, and ux(t)) =y.
Then by (A4)
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(- gt +h)h)|uie +h)— ut + h)|
2.
(2.63) Slut +h)—ux(t + h)— hF(t + h, us(t + h))+ hF(t + h, us(t + h))|
for all t € [t,, T) with T = min{T\(t, x), T(to, y)} and for all h >0 with t + h <
T. Clearly, u; can be written under the form

Q.64)  w(t+h)=Shu(t)+ J”+hS(t+h—-s)F(s,u.-(s))ds, i=1,2.

Combining (1.3), (2.63), (2.64) and the inequality
’ — ! _£
(2.64) A—t) " =exp(l+e), t€ [O, T+ e] , e>0

we get
(2.65) [lus(t + h) = uaft + h)| = (lus(e) — uot)| + [ Lol yexp[(1 + £)g (¢ + B) + w]h
where hg(T)(1+¢)=¢, and

L= f ™ S(t+ b - ) (F(s, w(s)) - F(s, usls))

(2.66) —(F(t + b, wi(t + 1)) — F(t + h, us(t + h)))ds.

Set f(t) = F(t, us(t)) — F(t, u2(t)). Let K be a compact of X such that f(¢) € K for
all t €[ty, T]. There is d = d(e)>0 such that
(267) |Sts)z—w(=e, Vs€(0,d), |z-w|=d, z,weEK
Choose r = r(g) with the property
lfO-fHl=d, Vst T], |t—s|=r
Note that s €[,# + h] implies 0=¢+ h —s = h, hence
(2.68) lf($)-fe+m)|=d, Vs€[tt+h], 0<h<r
and therefore by (2.66) and (2.67) we have
[Ll|=he, Vh<dfe)=min{d,r}, VtE[t,T), t+h<T.
Accordingly, (2.65) yields
(2.69) [l us(t + h) — us(t + h)|| = (lus(t) — ut)|| + heexpl(1 + e)g(t + h) + w]h
for all t €[t,, T)and h = ho = min{do«(¢), /(1 + £)g(T)}.
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Fix ¢t E€[t, T] and choose a partition t<t; <---<t, =t of [t,,t] with

te — te1 = hi = ho. Then (2.69) gives

2.70)  [lus(t) — watON = (ur(ts) — waote-)|| + ehiYexp[(1 + €)g (1) + @i

Iterating (2.70) for k =1,2,-- -, n, one obtains

@70y [lui(®) = u)| = (lx — y |+ (¢ — to)e Jexp[(L + £)g () + @] (t — to).

Since ¢ >0 was arbitrarily fixed we conclude that

Q7)) Nu) - =|x —yllexpg()+ @)t —t),  tE€[t, T]

with u:(to) = x, ux(t)) =y, x, y € D (to). In particular (2.71) implies the uniqueness
of the solution to (1.5), which completes the proof.

REMARK 2.2. We now sketch another method (indicated by the referee) for
proving the inequality (2.71).
With ¢ in place of ¢ + h, (2.64) becomes
u(®)=Shw(t—h)+ f S(t —s)F(s, u:(s))ds
t—h

@72) = S(h)u(t —h)+ hF(tu (1) + hr(h), =12,

where r.(h)—0 as h | 0 (by the Lebesgue theorem) and ¢ € (¢, T]. Combining
(A4) (with A = h) and (2.72) we get

(1 = hg O (6) = Y| S N s(e) — wsle) — B (F (6w ()~ (6 e
@7 < Nt — by ste — ) lexp(oh) + h ()] + () )
Obviously, (2.73) can be written in the form
— Wt = )= st = W) )~ o))
= (g(1)+ (exp(wh) — 1Y) () — w0
Letting h | 0 one obtains
@74) D_{n(r) - )l S (@ (6) + @) (®)~ et}

where
D_f(t)=lim sup ((f(t = k)= f))/(~ b))

Solving the differential inequality (2.74) we get (2.71).
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Note that the usage of (2.64) with 0< e <1 instead of ¢ =1, may improve
some estimates in several papers on difference approximation of Cauchy
problems (see e.g. [6], [7], [16]).

RemARK 2.3. The proof of Theorem 1.2 follows a technique of Kenmochi
and Takahashi [5], and it is given in [15].

It is well known that for an arbitrary semigroup S of class C, we have
|S(Oll.x) = M exp(wt), t Z 0. A simple check of the proof shows that for M > 1
our estimates will not be useful, since the powers of M will appear in the right
hand side (referee’s remark). However, the conclusion of Theorems 1.1 and 1.2
remains vahd for S, too. In this case the proof is more complicated and follows
some techniques from [17]. Actually, for most applications to PDE, it suffices to
restrict ourselves to semigroups of type w (see (1.3)). Recall that the semigroups
of type 0 are called the contraction semigroups.

CoRrOLLARY 2.1.  Let D be a closed subset of X and let S be a semigroup of type
w. Suppose that F:(a,b)xD — X is a continuous function and for each
tE€(a,b), the operator x — F(t,x) is g(t) dissipative (i.e. (Ad) holds with
D(t)= D). Then for every t,E(a,b) and x € D, there is a unique solution
u:(ty,b)— D if and only if (A5)" holds.

PrOOF. We observe that for x € D, (B2) holds with w(t) = x, Vt € (t, b) and

b = b. Accordingly, on the basis of Theorem 1.2 the result follows.

3. Applications to some partial differential equations

Let {} be a bounded domain in R™ with smooth boundary I'. Set
G Br)={ueL*Q);lul.=r}, Bu(r)={u€L*(Q);|ul.<r}

where ||u ||, || u || denote the norm in L*(§2), L-(€2), respectively. Let us consider
the problem

(3.2) w(tx)=Au(t,x)+f(tu(tx)), a.e.on (0, T)xQ,
(3.3) U(to, x) = uo(x), a.e. on (),
(3.4 u(t,x)=0, ae.on(0,T)xI, t"u €L*0, T;L* (),

where t,€[0,1), T€E€(0,1] and u, € L.(Q). The function f:[0,1]Xx R—>R is
continuous and A is the Laplace operator in R™. We shall reduce the above
problem to the abstract Cauchy problem

(3.5 u' =Au+F(t,u), u@)=u,€ B.(1), tef0,1
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with A =A and D(A)= Ho(Q) N H*(Q) and F — the Nemytski operator
(36) (F(t,u)(x)=f(tu(x)), ae.onQ, t€[0,1], uecL¥Q).

In [1] and [12] one assumes that for each t >0, the operator u — F(t,u) is
defined on open subsets of L*(2) (this fact holds if f satisfies a growth condition
with respect to x). In this paper we do not assume a growth condition of f in x,
and therefore F(t,) may fail to be defined on open subsets of L*({2). Clearly,
F(t, ) is defined on B.(r), which is not open in L’((2). Even more, B.(r) in not
locally closed in L*(Q). Of course F(,-) is defined on B.(r), which is closed in
L*(Q), but for D = B.(r) the subtangential condition (AS)" in Corollary 2.1 is
not verified in general. It is interesting that we are not obliged to work in
X = L.(Q). By applying Theorem 1.1 we can solve (3.5) directly in X = L*({2).
Indeed, if we take D(t) = B(t) then (A2) holds and F(¢,-) is defined on D (¢).
Suppose for simplicity that

3.7 lf(t,s)=1, te0,1], se[—1,1}.
This implies | F(¢, u)|. =1, Vt €[0,1], u € B.(1). Consequently

[Sh)u +hF@Et w-=|ul-+h=t+h,  VYu€D(@),
i.e.

S(h)u + hF(t,bu)e D(t+h), Vu€eD(t), h>0, t€Eh<1, t€][0,1).

Thus we have d(S(h)u + hF(t,u); D(t + h)) =0 in L(Q) (hence in L*(2) too)
s0 (A5) holds in X = L*(2). Finally, suppose also that for each fixed ¢t €(0,1],
the function s — f(t, s) is decreasing on [0, 1]. This implies that F satisfies (A4) in
L*(Q) with g = 0. Therefore all the hypotheses of Theorem 1.1 are fulfilled, so
(3.5) has a unique mild solution u defined on [0, T] for some T € (0, 1], with
u(t) € D(t) on [0, T]. Since in this case A = A is the subdifferential of a lower
semicontinuous convex function, the mild solution u is even a strong solution in
L*Q) (see e.g. [15], ch. 3) and in addition:

u(t)e D(A) ae.on[0,T], and " u €L*0, T;L*(D)).
In other words we have proved the following result:

TueoreM 3.1. Let f:[0,1]X[—1,1]—= R be a continuous function, which
satisfies (3.7) and is decreasing with respect to the second variable. Then for each
Uy € B.(to) the problem (3.2)-(3.4) has a unique solution.

ReMARk 3.1. The new fact here is that f(¢,x) does not satisfy a growth
condition with respect to the second variable x, and therefore the Nemytski
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operator (3.6) is not defined on open sets of L*(2). It is defined on closed sets of
L*(£2) and (3.5) is regarded as a problem with ¢-dependent domain.
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